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1. Introduction
Mauldin and Ulam, in [6, IV.3], posed the following interesting problem: Let E and F be two topological (e.g., metric) spaces.
Let T be a transformation of E into F such that if A, B ⊂ E are homeomorphic, then T (A) and T (B) are homeomorphic in F . Must T
be a homeomorphism (e.g., for E a Euclidean space!)?
In this paper we give a positive solution for wide classes of spaces. In particular we will see that the answer is positive
in the following relevant cases:
i) F is a metric space;
ii) E is a Euclidean space and F is a Hausdorff space.
We will assume that F is non-degenerate (i.e., it has more than one point). Moreover all spaces considered here will be,
at least, T1-spaces.
For the sake of brevity, a map T : E → F (with F non-degenerate) such that T (A) and T (B) are homeomorphic, whenever
A and B are homeomorphic, will be called an MU-map.
We refer the reader to [5] for notations and terminology not explicitly given.
2. The results
A topological space X is weakly discretely generated if for every non-closed subset A of X there exists a discrete set
D ⊂ A such that D \ A = ∅ (see, e.g., [4]). It is worth pointing out that every sequential Hausdorff space (and, a fortiori,
every metric space) is weakly discretely generated.
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A. Fedeli, A. Le Donne / Topology and its Applications 158 (2011) 2122–2124 2123Theorem1. Let T : E → F be a continuous ontoMU-map, where F is a weakly discretely generated space. Then T is a homeomorphism.
Proof. First, let us observe that T is injective. If not, let a,b ∈ E such that a = b and T (a) = T (b). Since T is onto and F
is non-degenerate, there exist p ∈ E and q ∈ F such that T (p) = q = T (a). So A = {a,b} and B = {a, p} are homeomorphic
(A and B are discrete sets of the same cardinality), while T (A) and T (B) are not homeomorphic, a contradiction.
Now let us assume that T is not a homeomorphism. Since a continuous bijection is a homeomorphism if and only if it
is a closed map (i.e., it sends closed sets to closed sets), let us take a closed set C of E such T (C) = T (C).
Since F is weakly discretely generated, there exists some discrete set D ⊂ T (C) such that D \ T (C) = ∅. Let us take some
y ∈ D \ T (C) and A, B ⊂ D such that |A| = |B|, A ∩ B = ∅ and A ∪ B = D (observe that D is inﬁnite). We may assume that
y ∈ A.
Now let x ∈ E such that T (x) = y and set H = T−1(A), K = T−1(B) and L = H ∪ {x}.
Since A and B are discrete and T is a continuous bijection, it follows that H and K are discrete sets (of the same
cardinality). Clearly L is also discrete (otherwise x ∈ H ⊂ C = C and y = T (x) ∈ T (C), a contradiction) and |L| = |K |. So
K and L are homeomorphic, while T (K ) = B is discrete and the point y is not isolated in T (L) = A ∪ {y} (since y ∈ A,
it follows that U ∩ T (L) = U ∩ (A ∪ {y}) = (U ∩ A) ∪ {y} = {y} for every neighborhood U of y). So T is not an MU-map,
a contradiction. 
From Theorem 1 we readily obtain the following:
Corollary 1. Let T : E → F be a continuous onto MU-map where F is a metric space. Then T is a homeomorphism.
Now let us consider the case in which (E,d) is a boundedly compact metric space, i.e., all closed bounded subsets are
compact, see, e.g., [3] (such spaces are also called proper [2] or ﬁnitely compact [1]).
Theorem 2. Let T : (E,d) → F be a continuous onto MU-map, where (E,d) is a boundedly compact metric space without isolated
points and F is a Hausdorff space. Then T is a homeomorphism.
Proof. Let τd be the topology on E generated by the metric d. Since T is one-to-one (the proof is the same as in Theorem 1),
we may assume, without loss of generality, that F = (E, τ ) where τ is a Hausdorff topology such that τ  τd and T is the
identity.
If (E,d) is compact, then τ = τd and we are done. So let us assume that (E,d) is not compact.
Now let us suppose that T is not a homeomorphism. Then there exist some U ∈ τE and p ∈ U such that p /∈ Intτ (U ) (i.e.,
p is not an interior point of U in (E, τ )).
Claim. If p ∈ V ∈ τ , then V is not d-bounded.
Proof of Claim. Suppose that V is a d-bounded open subset of (E, τ ) containing p and let r  1 such that V ⊂ B(p, r)
(where B(p, r) is the open ball with center p and radius r with respect to the metric d). Now set Cκ = {q ∈ E: 1κ 
d(p,q) r}, for every κ ∈N.
Since (E,d) is boundedly compact, it follows that every Cκ is a compact subspace of (E, τd) (and, a fortiori, of (E, τ )).
Moreover τ is a Hausdorff topology, so E \ Cκ ∈ τ for every κ ∈ N. Hence p ∈ V \ Cκ ∈ τ and V \ Cκ ⊂ B(p, 1κ ) for every
κ ∈N. So p ∈ Intτ (U ), a contradiction. So the claim is proved. 
Now let us take two points c,q ∈ E such that q = p and d(c, p) > d(p,q) (observe that (E,d) is unbounded). Since (E, τ )
is a Hausdorff space, there are some G, H ∈ τ such that p ∈ G , q ∈ H and G ∩ H = ∅.
Let A = G \ clτd (B(p,d(c, p))) and observe that A is a (non-empty) open subset of (E, τd). So A is a subspace without
isolated points of (E, τd) (and, a fortiori, of (E, τ )).
Since the open subsets of (E, τ ) containing p are not d-bounded, it follows that p ∈ clτ (A). In fact, let us suppose that
W ∈ τ is such that p ∈ W and W ∩ A = ∅. Then p ∈ W ∩ G ∈ τ and W ∩ G ⊂ clτd (B(p,d(c, p))), contradicting the claim.
Therefore A∪{p} is a subspace without isolated points of (E, τ ). On the other hand q is an isolated point of A∪{q} with
respect to τ . So the subspaces A ∪ {p} and A ∪ {q} of (E, τ ) are not homeomorphic.
Now it remains to observe that p is isolated in A ∪ {p} and q is isolated in A ∪ {q} with respect to τd . Hence A ∪ {p} and
A ∪ {q} are homeomorphic subspaces of (E, τd). So T is not an MU-map, a contradiction. 
In particular we have the following:
Corollary 2. Let T : E → F be a continuous onto MU-map where E is a Euclidean space and F is a Hausdorff space. Then T is a
homeomorphism.
2124 A. Fedeli, A. Le Donne / Topology and its Applications 158 (2011) 2122–2124Remark. It is worth noting that the surjectivity of T , in the theorems above, cannot be omitted. In fact, let E be any non-
degenerate space, then every constant function T : E → E is a continuous MU-map which is not a homeomorphism. Observe
also that the identity map i : (E, τ ) → F , where (E, τ ) is any inﬁnite Hausdorff space and F is the set E endowed with the
coﬁnite topology is a bijective continuous MU-map which is not a homeomorphisms.
We end this paper with the following problem:
Does there exist a continuous onto MU-map between Hausdorff spaces which is not a homeomorphism?
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